INTRODUCTION

Ž .
Let G be a finite group and let G be the set of primes dividing the order of G. The classical theorems of Sylow assert that there are subgroups called Sylow p-subgroups of order p r which is the highest power of < < Ž . a prime p dividing the order G of G and that the number n G of Sylow p < p-subgroups is congruent to 1 modulo p, which is equal to the index G:
Ž .< Ž . N P for some Sylow p-subgroup P. We call n G the Sylow p-number G p Ž . w x of G. Some arithmetical properties of n G are studied in 8, 9 . Ž . N R is p-nilpotent for R g Syl G .
G r w x The following assertion was made by Zhang as Theorem 2 in 20 .
Claim. Let G be a finite group. Then G is p-nilpotent if and only if Ž Ž .. Ž . p,n G s 1 for every r g G . This claim, if true, would confirm the Huppert conjecture and the paper makes other claims as applications of it. There exist, however, infinitely many counterexamples to the claim which will be mentioned in Section 2 of this paper. The purpose of this paper is to prove the following: MAIN THEOREM. Let G be a finite group.
i Suppose that p / 3 is a prime. Then G is p-nilpotent if and only if Ž Ž .. Ž . p,n G s 1 for e¨ery r g G . r Ž .
ii Suppose that G does not ha¨e a composition factor isomorphic with Ž . 
w x
Our notation for simple groups and group extension are taken from 4 .
COUNTEREXAMPLES TO THE CLAIM
In this section, we will give counterexamples to the Claim in the Introduction. Before discussing them, we will state a well known lemma which plays an important role through this paper. LEMMA 1. Let a, n be integers greater than 1. Then except in the cases n s 2, a s 2 b y 1 and n s 6, a s 2, there is a prime q with the following properties.
Ž .
n i q di¨ides a y 1.
i ii q does not di¨ides a y 1 whene¨er 0 -i -n.
iii q does not di¨ide n.
In particular, n is the order of a modulo q. . Ž Note that1, q y 1 s 1 or 2,1, q y1 s 1 or 3 and q y 2 . 1, q y1 s 1. Suppose that q is odd. By Lemma 1, there exists a 6 i Ž . prime r such that r divides q y 1, r does not divide q y 1 1 F i F 5 2 w x and r does not divide 6. Then r divides q y1. By 17 , we can find Ž . maximal subgroups of G. We see that N Q is a maximal subgroup of
Ž. ordery 1 r and that N R is a maximal subgroup of order
It follows that p s 3. In this case P g Syl G is not contained in
3, a contradiction. Hence p does not divide q 2 y1. Because P :
where S g Syl G and k satisfies the condition1 s 2 k, k odd.
2
Ž . Because P : N S , we have that 3 divides k which divides1. Then
. q y1 is divisible by p s 3, a contradiction because p, q y1 s 1. Hence G does not satisfy the condition if q is odd. w x Suppose that q is even. By 11 , the maximal subgroups of G are
. q y1r, we have that p does not divide1 s1 q y1 . By Lemma 1, there exists a prime r such that r divides q 6 y 1, r does not i Ž .
2 divide q y 1 1 F i F 5 and r does not divide 6. Then r divides q yŽ . Ž . 1 and therefore we have p / r because P : N Q for some P g Syl G .
Ž . not divisible by 9 because P : N R for some P g Syl G .
G 3
< < If f is odd, then1 is divisible by 3. In this case G is divisible by 9. Hence we may assume that f is even. Then q y 1 is divisible by 3 and s 1. Note that q y 1 is divisible by 9 if and only if f is divisible by 6. If f Ž .
Ž . is even and f is not divisible by 3, N Q and n G are the following,
Ž . 
3-nilpotent.
PROOF OF THE MAIN THEOREM
In this section, we will prove the Main Theorem. Our proof is along the w x w x same line of Zhang 20 . We will need some lemmas from 20 , some of which are claimed in it without proofs. 
. N R and therefore P : N R . Thus the result follows.
G G PROPOSITION 2. Suppose that G is a finite group of minimal possible order satisfying the following two conditions:
ii G is not p-nilpotent.
Then G is a simple group.
Proof. Suppose that G has a nontrivial normal subgroup. Let N be a Ž . Ž . any r g G . Lemma 3 yields that p / l, the largest prime in G .
Ž . Ž . Because L g Syl G is self-centralizing by Lemma 3 and 
3
< < We get a contradiction for each cases since P does not divide l y 1.
Ž . Suppose that there exists a prime
s / l in G such that S g Syl G is s cyclic of order s, S is self-centralizing in G and s does not divide l y 1. Ž . Then s / p and the order of Sylow p-subgroup of G divides l y 1, s y 1 . For J , M , HS, Ly, Fi , J , B,r˜˜Ž . Ž . Ž Ž . Ž .. Proof. Note that N R rZ G s N R ZGr Z G for R g G G r Z Ž G . Ž . Ž . Ž . Ž Ž .. Syl G . Because RZ G rZ G g Syl GrZ G , we have r rG : N R s GrZ G :N R rZ G Ž . Ž . Ž . Ž . G Gs G r Z G :N R Z G r Z G Ž . Ž . Ž . Ž . G r Z Ž G . sH : N R Ž . H Ž . for some R g Syl H .there exists a prime p such that n G , p s 1 for any r g G . r Because G has a subgroup B s UH so called Borel subgroup, where Ž . Ž . < < w U g Syl G and N U s B, it follows that p divides B . By 6, Theorem u G x 4.253, p. 313 , U has a trivial signalizer. Hence we have p / u. This yields < < Ž . that p divides H and P : H for some P g Syl G . Because H is 0 0 p abelian for any type, P is abelian. Also G has a subgroup N d H such 0 Ž . that NrH , W G , the Weyl group of G. Because P : H, p does not 0 < Ž .< divide W G . In particular, p / 2 because the Weyl group has even order for any type.T here exists a simply connected algebraic group G with Frobenius map F˜F 2 Ž . Ž . F such that G rZ G , G except for the case where G , F 2 Ј. By 4 F˜F Ž Ž . . Ž . Ž . Lemma 6, we have n G , p s 1 for any r g G s G . We will r F˜F consider G except for some cases. Note that G has a Borel subgroup F˜F˜F˜F˜F˜F˜F Ž . Ž .
F
B sU H , where U g Syl G and N U sB . We see that P :
Ž . l times . Because P : H for some P g Syl G , p divides q y 1 and Ž . Ž .
is abelian and P = R is contained in some maximal torus T by Lemma 5.
1
Ž . Because T A is the only type of maximal torus whose order is divisible by
. Ž . ŽŽ lq1 r, we have T s q y 1 r q y 1 . This yields that p divides q y 
PR s P = R is abelian and P = R is contained in some maximal torus T 1 Ž . by Lemma 5. Because T B is the only type of maximal torus whose order l < < l Ž l is divisible by r, we have T s1. This yields that p divides1, q Because q y 1 divides q y 1,1, q y 1 s 1 or 2 . This is a contradiction.
Ž . Ž . G , C q l G 2 : By an argument similar to that in the case where l Ž .
Ž . G , B q , there is no prime p for the groups G , C q satisfying
Then p divides q y 1 and q ) 2. By 1, G or 3 ,
Ž . Ž .Ž . G has a maximal torus T of type T D whose order is11 . Ž . Ž .
F F
follows that N R rC R :W G by Lemma 5. Because p does notG 
w x Ž . Ž or 3 , G has a maximal torus T of type T E whose order is q y6 .Ž 2 . 11 . By Lemma 1, there exists a prime r such that r divides 12 i Ž . q y1, r does not divide q y 1 1 F i F 11 and r does not divide 12.
Because q y 1 s q y 11 q y1 , r divides q y1 F Ž . and R : T for some R g Syl G . Because the torsion primes for type rŽ .
Ž . Ž .
F F E are 2 and 3, it follows that N R rC R :W G by Lemma 5.6
Then PR s P = R is abelian and P = R is contained in somẽ G Ž . maximal torus T by Lemma 5. Because T E is the only type of maximal 1 6 < < Ž 4
2
.Ž 2 torus whose order is divisible by r, we have T s q y1
.Ž 2 . . 1 . This yields that p divides q y11 , q y 1 s 1 or 3, a contradiction. 6 sy 1 q y 1 q y 1 q y 1 q y 1 
F F
primes for type E are 2 and 3, we have N R rC R :W G bỹ7
F is contained in C R . Then PR s P = R is abelian and P = R is G Ž . contained in some maximal torus T by Lemma 5. Because T E is the 1 7 < < Ž 6 only type of maximal torus whose order is divisible by r, we have T s q 1 3 .Ž . 1yq yq y1 , r dividesy q y q yF Ž . qq1 and R : T for some R g Syl G . Because the torsion primes for r Ž 8 . type E are 2, 3, and 5 andy 1 is divisible by 30, it follows that
is abelian and P = R is contained in some maximal torus T by Lemma 5. . dividesy q y q y1, q y 1 s 1, a contradiction. Ž . Ž . Ž .
follows that N R rC R :W G by Lemma 5. Because p does notG . q yq q1, q y 1 s 1, a contradiction. . that p divides q y1, q y 1 s 1, a contradiction. 
There is a maximal torus T of order1. By Lemma 1, there exists a prime r such that r divides q 2 l y 1, r does not 
' '
rdivides either21 or q y 21. We see that R g Syl G r ' is contained in either a cyclic group A of order21 or a cyclic
group A of order q y 21 and N R is contained in either N A
' ' of order 421 or N A of order 4 q y 21 . In both
. cases, p divides1. This yields that p divides1, q y 1 s 1 or 2, a contradiction.
qq1 . Then p divides p y 1. There is a maximal torus T of order q l q 1. By Lemma 1, there exists a prime r such that r divides 2 l i Ž . q y 1, r does not divide q y 1 1 F i F 2l y 1 and r does not divide 2 l except for the cases where 2 l s 2 and q s 2 b y 1 or 2l s 6 and q s 2. Because l G 4, we do not have to consider the exceptional cases. We seẽ Ž . Ž . 
